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1, Introduction,

Systems of sampling inspection by attributes oiten contain rules for switching
between normal and tightened inspection. The following simple rule proposed
by Dodge [ 1 ] has been adopted by Military Standard 105 D [ 3 ]: (1) When
normal inspection is in effect, tightened inspection shall be instituted when
2 out of at most 5 consecutive lots have been rejected, (2) When tightened
inspection is in effect, normal insp.ction shall be insticuted when 5 conse-
cutive lots have been accepted. (3) Furthermore the foilowing rule for
discontinuation of inspection is specified: In the event that 10 consecutive
lots remain on tightened inspection, inspcction under the prcvisions of this
document should be discontinued pending action to improve the quality of sub-

mitted material,

For single sampling plans Dodge proposes to use the same sample size for
normal and tightened inspection and to make the acceptance number oune unit
smaller for tightened inspection than for normal, In the Military Standard

105 D the reduction is increasing with the acceptance number itself.

The purpose of the present paper is to give a probabilistic description of
the effects of these rules. This is done by means of the theory of recurrent
events and many of the following results are found Ey straightforward
applications of the methods given by Feller[ 2 ]. As far as practical we
shall keep to the notation by Feller.

In sections 2 - 6 we shall discuss the cffects of using the rules (1) and (2).
Modifications resulting from inclusion of rule (2) are treated in secticns

7 and 8.
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2, Notation and definitions.

Consider a series of lots submitted for inspection., By inspection of any lot
the "inspection system'" may be in the state Normal (N) or Tightened (T) and
the decision regardirg the lot may be Acceptance (a) or Rejection (r). Thus
for each lot one of the following four cvents may occur: Na’ i.e, the lot is
accepted under normal inspection, Vr’ Ta’ Tr‘ The probabilities of the four

events for lot number m e-c denoted by p;,...,pﬁ, where p; +...+pm =1,

The probability that the mth lct will be under tightened inspection is
3 4

zm = pm & pm ‘

Corresponding to the sampling plans employed there cxist operating characte-
ristics giving the probability of acceptance P = P(p) under normal inspection
for lots of quality p (fraction defective in lot), and a corresponding
probability P* under tightened inspection. In the following it is assumed that
all lots submitted for inspection are of the same quality. The probabilities

»*
P and P are considered as known,
From the multiplication rule we have immediately

3 P d 3 1-p
Pm zm an Pm zm( = ))

and similarly

1 2
P, = (l-zm)P and pae (l-zm)(1~P).

It follows that the four probabilities are known when z is known,

The composite operating characteristic, i.e, the probability of acceptance
of a lot of quality p taking into account that some lots are under normal

and some under tightened inspection, is
plapl = Q-z)p+zp (1)
m m m m

which is a weighted average of the two given operating characteristics,
In the following we shall determine z and some other important quantities.

Instead of basing the switching rule on (at most) 5 consecutive lots we shall

use d lots,

Generating functions af sequences (fm], (um}, etc, will be denoted by

F(s), U(s), etc.
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3, Results for tightened inspection.

The condition for shifting to normal inspection is that d consecutive

lots are accepted under tightened inspection,

Let f: be the probability that the first run of length d of accepted lots

occurs at inspection of the mth lot (inspection being tightened of all m

lots), Feller [ 2 ], p. 300, has shown that the generating function of
[fN] is
m

® N.m p'dsda . ple)
F(s) » I £ s = %4 a1 ’ FN(I) =1,
N m=0 1-s + QP s
¥ o N N N
¢ = 1-P, and fo = f1 2 L. * fd-l = 0, Furthermore the mean and

variance of the number of lots inspected under tightened inspection are

p . pd
¢ = FL(1) T
QP
and ) \2 N P*
(4] = ( *d / (Zd + 1) *d © *2 .
1-P 1 - P Q

*
For P —> 1 we have8—> d and ¢ —> O whereas for P* —> 0 we find
*
¢EP —> 1 and o/8 —> 1.

Looking only at lots under tightened inspection the probability u: that
tightened inspection ends at the mth lot converges to 1/¢ for m —> w,

Table 1 contains some values of ¢ and 0 as function of P* for d = 5.
Tabie 1,

Mean and standard deviation of waiting time (exprcssed by number

of lots inspected) for shift from tightened to normal inspection

for d = 5,
9

P ¢ g
0.99 5.15 0.76
0.95 5. 35 1.9
0. 90 5. 9 3.24
0.75 12.¢ 9.31
0. 50 62.0 58. 2
0.25 136 x 10 136 x 10
0.10 111 x 103 111 x 103
0.05 337 x 10% 337 x 10%
0.01 101 x 108 101 x 108

(2)

3)

(4)



4, Results for nmormal inspeciicn.

The condition for shifting o ticht~ned inspection is that 2 out of at most
d consecutive lots are rejecied urder normal inspection. This is equivalent

to the following definition:

The recurrent event E occurs at irspecticn of the mth lot if and only 1f one

of the d-1 sequences of k letters NN ...NaNF, k=2,,..,d, occurs with the

last N at the mth lot znd the Fggﬁt K, not veing the last member of a

similar sequence resulting in the cccurrence of E at the (m-k+l)st lot.

For d = 5 consider as an examplie the sequence Il NN N NNNNN_ where E
aararaarr

occurs at the 5th and the 9th lot but rot at the 8th lot since the preced-

ing N (at the 5th i1ot) has alrc-dy been ta%en into account in defining the

previous occurrence of E.
Let v denote the probability that E occurs at inspection of the mth lot.

The probability that E o~curs at the ’‘m-l~-1)st lot, given that N occurs,
is um-h+1/Q since the probability that both E and Nr occur equals the
probability that E occurs.

As the events which together define E are mutually exclusive we find the

following recursion formulas

m
. z<1- mk+1\ Q2 kz, m=2,3,...,d1,
2

k= Q
and
d /Uy -f1 N 2ek-2
u= I ( P’ 7, m=4d,d+l,...,
= \ Vi
or
n k-2
Q(-P"" 1 = u+Q L ou _ PC, me=2,3,...,d1, (5)
k=2
and
Q1-P¥Yy = u+ @ 3 v P2 o e d,d4l (5)
" 'm g Bkl e

which together with u = 1 and u = 0 cefine [um]. ¥ultiplying (5) by g

and summing over m we find
Ex m-1, m d-1,d < k-2 k-
T QUI-P" s+ Ql-2° s /{l-5) = (U(s)-1)(14Q L P s ]) (6)
m=2 k=2



By reduction we get from (6)

d-1
(I-Ps-QPd'lsd)/(l-s) = U(s) (14Qs l;%i—-)

and
F(s) = 1- U-(-ls - stz(l-(Ps)d-l)/ﬂ-Ps)(l-Ps-QPd-lad). (¢))

From (7) we find F(l) = i, the mean "waiting time"

and the variance

dz = F¥(1) + u - uz
2 : . d
-y +u(3-d-%_—1-2d-1)-2-1-§'—(‘1—-2%5_’---+%- (9)
1-P Qa-p4h

Looking only at lots under normal inspection the probability u: that normal

inspection ends at the mth lot converges to 1/u for @ —> =,

For P —> 1 we have 4t —> » and d/u —> 1 whereas for P —> 0 we find
p—>2 and 0 —> 0.

Table 2 containg some values of u and 0 as functions of P for d = 5,

Table 2.
Mean and standard deviation of waiting time (expressed by
number of lots inspected) for shift from normal to tightened

inspection for d = 5.

P M g
0 99 2638 2035
0.95 128 125
0.90 39.1 36.8
0.75 9.85 7.88
0.50 4.13 2.36
0.25 2.67 0.969
0.10 2.22 0.498
0.05 251T 0.333
0.01 2.02 0.143

In the following section we shall use the notation l-',r(s),f:;, etc. for the
functions defined above in analogy with FN(P.), f:, etc. from the previous

section,
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5. The probability of tightened inspection and the composite operating

characteristic,
In the following we shall assume that normal inspection is used for the

first lot.

The probability Yon that normal inspection is reinstated for the first
time jus: after inspection of the mth lot is
m-1l
y= Z frfN
yel ¥V 0"

o Yo© V1™ Y=o e® Vg™ O (10)

V’
so that Y(s) = FT(S)FN(s). It is obvious that the waiting time correspond-
ing to the probability distribution [ym] equals the sum of the waiting
times for [f:] and [f:). In particular we have for the average waiting
time Y’(1) = Fé(l) + F&(l) = 1 + ¢ since FT(I) = FN(I) =1,

Let -3 denote the probability that shifting from normal to tightened
inspection takes place just after inspection of the mth lot. This requires
that tightened inspection is introduced for the first time just after
the mth lot or that normal inspection is reinstated for the first time
just after the vth lot and shifting to tightened then occurs after
inspection of further m-v lots, v = 1,2,...,m-1, {.e.

n-1

T
g~ f,t Zyg8
v=]

-y’ Bo~ 81" 0 (11)

which is the renewal equation. The generating function for [gm] becomes
G(s) = Fy(s)/(1-¥(s)) = Fr(s)/(1-Fp(s)Fy(s))  (12)

and since PT(I) = Y(i) = 1 it follows from Theorem 1, p. 291, in Feller [2]

that

g,—> /Y’ (1) = 1/ (u+ ¢). (13)

Denoting by g; the analogously defined probability of shifting from

tightened to normal we find

* +m;1 * * »* - * -0
&n ~ Ym vel Y By 7 Bo™ BT e® Bgy” Yy

and g; —> 1/(u + ¢).
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The probability of a shift taking place just after inspection of the mch
lot is thus asymptotically equal tc 2/(u + ¢).

We now have for L the probability that the mth lot is under tightened
inspection, the first one being under normal inspection,

n >

N
z= » g I f , z=2=27=0.,
WPV oy i o 1 72
Introducing
o0
N
e." z fv, n=0,1,...
v=n

with the generating function E(s) = (l-sFN(s))/(l-s) and E(1) = 1 + ¢ we

find
n

%0 L 8n-v®y” Bm (14)
v=0

and
2(s) = G(s)(E(s)-1) = F(s)(E(s)-1)/(1-Y(s))

= 8F,(s) (1-F\(8))/(1-8) (1-F (s)F (5)). (15)

Since FT(I)(E(I)-I) is finite and Y(1)=1 we find by uzing the samc theoren

ac above that
z —> FT(I)(E(I)-I)/Y’(I) = ¢/(u + 8). (16)

Table 3 gives lim z_as function of P and P~ for d = 5.

The composite operating characteristic (1) converges to
— *
P= (uP+ EP)/ (u+¢) (17)

which is the weighted mean of the operating characteristics for normal and
tightened inspectior. with the average run lengths under normal and tightened

inspection as weights.

It follows from the properties of u and ¢ as functions of P and P* that P
wiil be close to P for large P and close to P* for small P’, -

see Table 3 for details. The switching rule thus produces a composite OC-
curve with the desirable property of being steeper than each of the two

components,
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6. An exennle,

As an example consider the sampling pl.n for AQL = 2.5 per cent and code
letter J in Mil, Std. 105 D. The sample size is €0 and the acceptance
number for normal inspection equals 5, for tightened 3. The computations

arc based on the binomia. distributior,
Table 4 gives valucs of p corresponding to given values of

5
80, x Bo-
PR = = (Cpa .
X=0

For these values of p we ccmpute P*(p) and from (3) and (8) ¢ and u. Finalily
the (limiting) composite operating characteristic is found from (17)., If
we are not interested in the values of ¢ and p we may dectermine &/(u + ¢)

by interpolation in Table 3.
It will be seen that the upper part of P is nearly equal te P and the lower
part equal to P*.

Table 4.

Computation of composite operating

characteristic and probability of :hift,

P 100p P u n P 2/ (u+t)
0.99 2.23  0.890 2638 7.19 0.990  0.001
0.95 3.32  0.726 128 14.5 0.927 0.0
0.90 3.99  0.060% 19.1 28.9 0.774  0.029
0.75 5.30  0.382 9.85 198 0.399  0.010
0.50 7.06  0.175 4.13 729 x 10,  0.176  0.000
0.25 9.14  0.058 2.67 157 x 10, 0.058  0.000
0.10 11.28  0.016 2.22 969 x 10, 0.016  0.000
0.05  12.69  0.006 2.11 950 x 10,;  0.006  0.000
0.0l 15.57  0.001 2.02 239 x 10 0.001  0.000

7. The probability of discontinuation of inspection.

Suppose that th: previously discussed rules are supplemented ty the folilcwing:
Inspection is discontinued when k consecutive lots have been under tightened
inspection, This is the rule given in [3], and we <.all interpret it

in the following way: After che kth lot normal inspection shall be reinstated
if the last d lots have been accepted, othcrwise inspectiou shall be stopped.

It is assumed that k > d.

The result for the mth lot may therefore be Na,Nr,TaﬂLorS, where S denotes

that "inspection has been discontinued". The corresponding probabilitiecs
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A
are denoted by 3;, S:‘, ?)i, ’ﬁ: and Py their sun beinc 1,

As far as possible we shall use the same notation as previous with the modi-
fication that a circumflex denotes that the rule for discontinuation of

ingpection has been taken into regard.,

&
We therefote have z 3‘ Aa Ai = QnP*, $; = gm(l-P');§; = (l-sanQ)P,

and = (1- p -2 )(1 P), It follows that a:.iI the probabilities may be found
from plr and zm, which will be determined in the following.

To hundle the stopping rulc in a practical way we introduce the truncated

distribution

( f: for m -- 0,1,...,k
- i (18)
0 form= kt¢l,k#2,...,
the generating furction
k
A N n A k A
F(s) = £ f s, N -
N ol P FN(I) r? fm FN 5
and the average waiting time
2 L N,2 A A ,
E= ¥ mfm/PN = F&(I)IPN. (19)
m=1

Comparing with (10) it then foliows that
mlT‘N A

A A
ym " Zlfv fm-v yo= AN a yd+l =0,

and
A ~ A
Y(s) = FT(s) FN(s), Y(1)< 1,

Similarly we get analogous to (11)

A T m-1 . A A A
8,~ £, + VEI Y Bney? 8o~ 8" O

G(s) = F(s)/(1-F (s)Fy(s)),

A A
and G(1) = 1/(1 - F.) so that Qm —> 0 for fixed k and m —> o,

N)
Let dm denote the probability that inspection is discontinued fjust after

inspection of the mth lot, We then find

A

d." gm k(1= Fyy d=di= .o =d =0,

D(s) = s*G(s)/6(1), and D(1) = 1. Finally



e 11 =

n-)
A A
pm = X dv) P

o) A
val

o

A
and P(s) = sD(s)/(l-s). Since D(1) = 1 we have Qm —> 1 fecrm —=—>o
and fixed k.

The mean and variance of the number of lots inspected before discontinuation
are

A A i A A
n= e+t Fy o+ kGEFO)/(1-Fy) (21)
and
2 A 2 1\2 A A 24\ A
o] (I-FN) = OT + N FN + (u+t) FN/(I-FN) (22)
A2 Ay & ~ N
where oy * FN(l)/FN + & - t°,

For P —> 1 and P*-D 1 we have n=> « and o/n —> 1 whereas for

P = 0and P*—> 0, n—> 2+k and ¢ —> 0, sce also Table 5.

Table 5.

Mean and stardard deviation of waiting time
(cxpressed by number of lots inspected) before
discontinuation of inspection for d=5 and k=10,

* " A
| '3 3 FN M o}
0.99 0.890 6.07 0.866 19700 19700
0.95 0.720 6.73 0.478 261 249
0.90 0.604 6.99 0.240 63.6 51.5
0.75 0.382 7.27 0.033 20.4 8.65
0.50 0.175 7.42 0.001 14.1 2.38
0.25 0.058 7.48 0.000 12.7 0.970
0.10 0.016 7.49 0.000 12.2 0.498
0.05 0.006 7.50 0.000 12.1 0.333
0.01 0.001 1.50 0.000 12.0 0.143

8. The conditional composite operating characteristic.

Introducing
oy
<( tf for m = 0,1,...,k
v
A v=m
e =
‘ 0 for m = k+l,k+2,...
we get as in (14)
A ml\ ) A A A A 0
% T Vzogm-vev- Bt % BT BT

and
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2(s) = G(s) (E(s) - 1),

where
E(e) = 185 = (esFy(s)-s* (1-F )/ (1-9),
V=0
which lead to A k A
A s Fp(8)(1-Fy(s)-s"(1-FQ))
2(s) = 7 . (23)

1-FT(s)§N(s)

A
For k —> » we have Z(s) —> Z(s) since ;“N(s) _ FN(s).

A
As Z2(1) is finite it follows that ;m —> 0 in accordance with the previous
result that Bm —> 1, Similarly we have for the probability of acceptance
al A3
that P + P > 0.
It is, however, the conditional probability of acceptance, given that

inspection has not been discontinued, which is of interest. The correspond-

ing conditional probability of tightened inspection is z; = le(l-sm).

To find the limiting value of z; we nced the generating function of (l-sm)

which from (20) is found to be

Q(s) = (1-sD(8))/(1-3)

o k+1 A
1-F_(s)F . (s)-s  'F._(s)(1-F.)
(1-s) (I-FT(S)FN(S))

Comparing a(s) and 2(9) it will be seen that they nay be written as
a(s) = Ul(s)/V(s) and E(s) = Uz(s)/V(s) where Ul(s), Uz(s), and V(s) are
polynomials, the degree of the U’s being lower than the degree of V.
According to Feller [:2], p. 259, we then have asymptotically

T (14D ) ~-U (s )V (s))

and

m+l A

5 2~ Uy (5))/V7(s))

where s, is a root of V(s) = O which is smaller in absolute value than

all other roots.

*
It follows that z > Uz(sl)/Ul(sl) or

» - A -~
z —> l-slk(l-FN(sl))/(l-FN) (25)
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N
where 8, is the smallest root in the equation I-FT(s)FN(s) = 0, By solving

1
this equation numerically one may thus determine lim z;.

*dst(s), vhere R(s) is a polynomium of degree k-d with

A
Since FN(s) = P
+*
coefficients which are nonnegative powers of P and Q' and with the constant

A
term equal to 1, we get from I-FT(s)FN(s) = 0 by means of (7) that

Q2P e (1 pet(Ps) 2+ ... + (Ps)d " Bm(s)=1-Ps-qpY s, (26)

Let now (P,P*) —> (0,0) .1f we suppose that 8 is bounded, then the left
hand side of (206) tends to zero whereas the righthand side tends to onme,
and therefore we con:_ude that s1 —> o, Thus ald.kR(sl) tends to a

constant, whi-h means that sikgn(sl) -—> 0 and hence, from (25), z;-> 1

For (P,P*) —> (1,1), suppose that s is bounded. Then the right hand side

of (26) tends to 1-s and the left hand side téends to zero. Thus sl'—1> i,
A A

which means that (l-FN(sl))/(l-FN) —> 1 and hence z; —> 0.

Table 6 shows lim z; as function of P and P* for d = 5 and k = 10, Comparing
*

with Table 3 it will be seen that lim z < lim z and that there may be

considerable differences betwecen the two probabilities. It will be noted

that for given P and P* —> 0 we have lim z —> 1 whereas lim z; cends

to a constant less than 1, which resulc may also be derived from (26).

Table 7 gives a comparison of the limiting composite operating characteristics
computed from (16) and (25) for the plan mentioned in section 6. The limiting

conditional composite operating characteristic, F*, is computed as

~

-—p * * *
? =P limz 4+ P(l-limz ) .
m m
Table 7.

Composite operating characteristics
for d=5 and k=10 computed from (16) and (25).

P P* lim z lim z' P F*
m m

0.99 0.3%0 0.003 0.002 0.990 0.990
0.95 0.725 0.102 0.064 0.927 0.936
0.90 0.604 0.425 0.214 0.774 0.837
0.75 0.382 0.953 0,696 0.399 0,494
0.50 0.175 0.999 0.981 0.176 0.181
0.25 0.053 1.000 1.000 0.058 0.058
0.10 0.016 1.000 1.000 0.016 0.0156
0.05 0.006 1.000 1.000 0.006 0.006
0.01 0.001 1.000 1.000 0.001 0.001
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To get an idea of the rate of convergence for z; (or any other probability
discussed) one may use the recursion formulas., A numerical investigation
has shown that z reaches the limiting values (with 3 decimal places) given

in Table 7 before m = 20,

Acknowledgements,

Afcer compiction oi the present paper ou. attiention has beecn drawn to a
paper by W.R. Pabsc [¢ ] which contains 2 numerical example of a composite
operating characteristic derived by P Maricl. The work of Mr. Martel
docs not seem co have been published llowever, Dr. Pabst has kindly put
to our disposal the minutes of the meetings of the Working Party for che
development of Mii. 5td, 105D. Here Mr. Martel has considered the problem
corresponding to rules (1) and (2) in section 1 by interpreting the
possible "states'" of the inspection system, for example the state
(NanNaNaNr)’ as states of 2 finite Markov chain with kncwn transition
probabilities. The stationary probability distribution of the states is
found by solving ithe corresponding set of linear equations, and the
stationary (limiting) probability of acceptance may then be obtained as

a linear combination of the solution. No explicit expression has been

given but Mr, Martel’s numerical results are in agreement with those

obtainable from (135).

References.

1. H.F. Dodge: A gecnera. procedure for sampling inspection by attributes -
based on the AQL concept. ASQC Annual Convention Trans-

actions, 1963, 7 - 19.

2. W. Feller: An introduction to probability theory and its applications

I, Wiley, New York, 1957.

3. Military Standard 105 D: Sampling procedures and tables for inspeciion

by atcribuces. U.S Government Printing Office, Washington,

1903.

4. W.R. Pabst: Mi. - Sid - 105 D. Industrial Quality Control, 1953,
Vol. 20, No. 5, pp. & - 9.



- 16 -

Summary,

It is proved that a rule for shifting betwecn normal and tightened inspection
as the one defined in Military Standard 105 D leads to a composite operating
characteristic which converges to P = (uP + §P*)/(p + ¢), P and P* being the
operating characteristics for normal and tightened inspection respectively,

u and & being the average waiting times cxpressed in number of lots inspected
for switching from normal to tightened and from tiechtened to normal inspection.
The average waiting times and the standard deviations are found as functione

of P and P* by mecans of the theory of recurrent events. Recursion formul-s

are given for all the probabilities involved.

Introducing furthcrmore a rule for discontinuation of inspection, anaiogous
formulas are derived and the conditional composite operating characteristic,

given that inspection has not been discontinued, is found.

Sommaire.

On 2 montré qu'une rdgle pour changer entre l'inspection normale et renforcée,
comecelle-ci définie dans Military Standard 105 D, aura pour résultat unc
courbe d'efficacité composite qui converge vers P = (ulP + gP')/(u + t), Pet
P’ étant les courbes d'efficacité pour 1'inspection normale et renfor . -
respectivement, u et ¢ étant les attentes moyennes pour changer d'inspection
normale 3 renforcée et vire versa. A 1'aide de la théorie des événcments
récurrents, on dérive les attentes moycnnes ct les écarts-types comae des

fonctions de P et P*. Pour toutes les probabilités dont il s'agit, les

formules de récurrence sont déduites.

En outre, en introduissant une régle pour ia discontinuation de 1'inspection,
des formules analogues sont dérivées et la courbe d'efficacité composite

conditionelle, supposé que l'inspection n'ait pas été discontinue, est trouvée.



